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Abstract. We derive rigorous conditions for the synchronization of all-
optically coupled lasers. In particular, we elucidate the role of the optical
coupling phases for synchronizability by systematically discussing all possible
network motifs containing two lasers with delayed coupling and feedback. By
these means we explain previous experimental findings. Further, we study larger
networks and elaborate optimal conditions for chaos synchronization. We show
that the relative phases between lasers can be used to optimize the effective
coupling matrix.
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1. Introduction
Coupled nonlinear systems may exhibit a remarkable phenomenon called chaos synchroniza-
tion [1, 2]. The individual systems synchronize to a common chaotic trajectory. This phenom-
enon has received much attention owing to its potential application in secure communication
[3, 4]. For technological applications semiconductor lasers are promising systems to implement
secure communication schemes using chaos synchronization, because they exhibit fast dynam-
ics, they are cheap and one could utilize the existing telecommunication infrastructure for these
lasers [5].
However, due to the fast dynamics of lasers, propagation distances of already a few meters
introduce non-negligible delay times in the coupling. The synchronization of delay-coupled
systems in general [6–9] and delay-coupled lasers in particular [10–18] has therefore been a
focus of research in nonlinear dynamics in recent decades.
When lasers are coupled all-optically, not only are delay effects important, but also the
optical coupling phases of coherently coupled electric fields play an important role. Coherent
coupling may result in constructive or destructive interference of incoming signals. When the
lasers are synchronized, this interference can occur even if the coupling distance is much larger
than the coherence length of the beams [19].
It has been demonstrated experimentally and numerically that by tuning coupling phases
one can adjust the level of synchronization ranging from perfect synchronization to almost
no correlation [20]. However, so far, the impact of these coupling phases and the resulting
interference conditions have not been thoroughly investigated.
In this paper, we derive and discuss synchronization conditions for all-optically coupled
lasers. These conditions ensure the existence and stability of a completely synchronized
solution, i.e. perfect synchronization of identical lasers. We confirm the analytical results by
numerical simulations. For our stability analysis we employ recent results concerning the master
stability function (MSF) [21] in the limit of large delay times [22, 23].
The paper is organized as follows. In section 2, we briefly review previous results
on synchronization in delay-coupled networks in a general context. These general results
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3are then applied to all-optically coupled lasers. In particular, we discuss in detail the
case of two all-optically coupled lasers in section 3. Here, we consider different coupling
schemes (unidirectional and bidirectional, open- and closed-loop) and derive the corresponding
synchronization conditions. We then discuss synchronization in larger laser networks in
section 4 focusing on an experimentally feasible setup. Finally, we conclude in section 5.
2. Synchronization of delay-coupled systems
Consider a delay-coupled network of N identical units
x˙k(t)= f (xk(t))+
N∑
j=1
Gk j h(x j(t − τ)), (1)
where xk ∈ Rn is the state vector of the kth node (k = 1, . . . , N ). Here, f is a function describing
the local dynamics of an isolated node, Gk j is a coupling matrix that determines the coupling
topology and the strength of each link in the network, h is a coupling function and τ is the delay
time in the connection, which is assumed to be equal for all links. A necessary condition for
perfect synchronization is that the matrix G has a constant row sum
C1: σ =
N∑
j=1
Gk j , (2)
independent of k. This condition ensures that an invariant synchronization manifold exists. Note
that in this case the row sum σ is an eigenvalue of the matrix G corresponding to the eigenvector
(1, 1, . . . , 1) of synchronized dynamics. For a given constant row sum σ , the dynamics in the
synchronization manifold of equation (1) is
˙x¯(t)= f [x¯(t)] + σh[x¯(t − τ)], (3)
where x¯(t)= x1(t)= x1(t)= · · · = xN (t) denotes the synchronized solution.
Note that condition C1 addresses mathematically perfect synchronization. For realistic
systems it is important to investigate what happens to the synchronization manifold under
small perturbations of the perfect setup, such as parameter mismatch of the individual elements
or coupling strength mismatch leading to a slightly broken condition C1. On the one hand,
there has recently been some progress in addressing parameter mismatch within the MSF
framework [24, 25], and it might be interesting to apply these new methods to the laser
system. On the other hand, slight perturbations of the perfect setup are also related to the
question of whether the synchronization manifold is normally hyperbolic [26]. Although these
questions are important for realistic systems, we will focus our analytic investigations on the
case of perfect synchronization to highlight our main message: the importance of the coupling
phases.
As we will discuss below, the necessary condition C1 becomes quite involved for the
case of optically coupled lasers, because here the matrix G is complex valued due to optical
phase factors in the coupling and, additionally, the lasers can have relative phase shifts, which
effectively allow the system to adjust the coupling matrix to some extent.
If condition C1 is satisfied and a synchronization manifold exists, the stability problem
of the synchronized solution can be approached using the MSF [21]. The MSF depends on a
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4complex parameter reiψ and is defined as the largest Lyapunov exponent λ(reiψ) arising from
the variational equation
˙ξ(t)= D f [x¯(t)] ξ(t)+ r eiψDh[x¯(t − τ)] ξ(t − τ), (4)
where x¯(t) is the synchronized trajectory of the system determined by equation (3) and D f and
Dh are Jacobians.
The synchronized state is stable for a given coupling topology if the MSF is negative at
all transversal eigenvalues γk of the coupling matrix (λ(γk) < 0). Here, transversal eigenvalue
refers to all eigenvalues except the eigenvalue σ associated with perturbations within the
synchronization manifold with the corresponding eigenvector (1, 1, . . . , 1).
The dynamical time scale of a semiconductor laser is given by the relaxation oscillation
period TRO. The typical values of TRO for semiconductor lasers are between 10−10 and 10−9 s.
This time scale corresponds to about 3 –30 cm of optical path length in the air. The coupling
distances between the lasers is usually of the order of meters or even much larger [5]. In this
case, the coupling delay time is much larger than the intrinsic time scale τ  TRO of the lasers.
The case of large delay times is an important limit for delayed systems [27–32].
We recently showed [22] that in any network the stability problem for the synchronized
state is drastically simplified in this limit of large delay times.
• The MSF is rotationally symmetric around the origin in the complex plane, i.e. λ(r eiψ) is
independent of ψ .
• If λ(0) > 0, then λ(r eiψ)= λ(0) for all r (and ψ).
• If λ(0) < 0, then the MSF is monotonically growing with respect to the parameter r and
there is a critical radius r0 where it changes sign (λ(r0)= 0).
Recently, this structure of the MSF was confirmed experimentally [33] and even utilized to
predict the synchronizability of a network from a simpler motif [33, 34].
Note that the two cases λ(0) > 0 and λ(0) < 0 have recently been discussed in detail [23].
The case λ(0) < 0 is called weak chaos since in this case the maximum Lyapunov exponent
scales as ∼1/τ for τ →∞. The case λ(0) > 0, on the other hand, is called strong chaos since
the maximum Lyapunov exponent scales as O(1) for τ →∞. It has been shown that for large
delay, networks can only exhibit chaos synchronization in the regime of weak chaos [22, 23].
The structure of the MSF allows us to draw general conclusions about the synchronizability
of a given network topology. In particular, chaos synchronization can only be stable if σ is the
eigenvalue of G with the largest magnitude, i.e. the transversal eigenvalues γ1, γ2, . . . , γN−1
have smaller magnitude
C2: |γn|< |σ |. (5)
This condition (C2) is necessary for chaos synchronization (|σ |> r0) and it is sufficient for
synchronization on a periodic orbit (|σ |< r0) [22]. In fact the smaller the magnitude of the
transversal eigenvalues, the easier it is to synchronize the system.
For given synchronized dynamics (equation (3)), i.e. given system parameters and row
sum σ , one can calculate numerically the critical radius r0, which then provides a necessary and
sufficient condition (C3) for synchronization (provided C1 is fulfilled)
C3: |γn|< r0. (6)
Although condition C3 is necessary and sufficient, its disadvantage is that one needs to
calculate r0 explicitly for the particular synchronized dynamics. In contrast, condition C2 is
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Figure 1. Schematic coupling scheme of two delay-coupled lasers with delayed
self-feedback. Each connection has a coupling strength κk j and a coupling phase
φk j . We consider the case when all delay times are equal.
only necessary for chaotic synchronization; however, its strength lies in the fact that it depends
solely on the coupling topology, i.e. the eigenvalues of G and not on the particular dynamics of
the system.
The aim of this paper is to apply the synchronization conditions C1–C3 to a system
of two delay-coupled lasers and to laser networks and discuss the consequences for chaos
synchronization. In particular, we show how condition C1 gives complicated conditions for
the coupling phases of the lasers.
3. Two lasers
In this section, we consider two semiconductor lasers that are delay-coupled to each other with
a coupling delay and additionally receive self-feedback with the same delay time τ . The basic
coupling scheme is depicted in figure 1. The coupled system is described by dimensionless rate
equations of the Lang–Kobayashi type
˙E1 = 12(1 + iα) [G(n1, E1)− 1] E1 + κ11eiφ11 E1(t − τ)+ κ12eiφ12 E2(t − τ),
˙E2 = 12(1 + iα) [G(n2, E2)− 1] E2 + κ22eiφ22 E2(t − τ)+ κ21eiφ21 E1(t − τ),
T n˙1 = p− n1 −G(n1, E1)|E1|2,
T n˙2 = p− n2 −G(n2, E2)|E2|2, (7)
where Ek and nk are the normalized complex electric field amplitude and the rescaled inversion
of the kth laser, respectively, and α is the linewidth enhancement factor, p is the normalized
pump current in excess of the threshold and κi j , φi j are the coupling amplitudes and phases,
respectively, as shown in figure 1. The gain is modeled by
G(n, E)= n + 1
1 +µ|E |2 , (8)
which takes into account gain saturation effects. Throughout this paper, we choose the following
model parameters for our numerical simulations, unless stated otherwise: the ratio between
carrier and photon lifetime T = 1000, p = 0.1, α = 4 and gain saturation µ= 0.26.
The optical coupling phases φi j are determined by the optical path lengths of the feedback
and coupling sections on a subwavelength scale
φi j =0τi j , (9)
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6where0 is the optical frequency of the laser. Since0 is large4, one can for large delay consider
the phases as parameters independent of the coupling delays. We thus choose all delays as equal,
but consider the phases as free parameters.
One important peculiarity of coupled lasers is that the lasers may synchronize with a
relative phase shift u
E1(t)= eiu E2(t).
To explicitly treat this relative phase shift, we transform the equations to the new variable E˜2 as
E˜2(t)= eiu E2(t). (10)
After substituting this into equations (7) and omitting the tilde for simplicity, we arrive at the
following rate equations for the fields:
˙E1 = · · ·+ κ11eiφ11 E1(t − τ)+ κ12 ei(φ12−u)E2(t − τ),
˙E2 = · · ·+ κ22eiφ22 E2(t − τ)+ κ21 ei(φ21+u)E1(t − τ). (11)
The artificially introduced parameter u helps in the analysis of synchronization, because we can
discuss the existence and stability of the synchronized solution E1(t)= E2(t) in dependence
on u, thereby treating synchronization of the lasers with a phase shift.
Bringing equation (11) into the form of equation (1) essentially yields the coupling matrix
G =
[
κ11e
iφ11 κ12e
i(φ12−u)
κ21e
i(φ21+u) κ22e
iφ22
]
. (12)
The row sum condition C1 is then given by
κ11e
iφ11 + κ12e
i(φ12−u) = κ22eiφ22 + κ21ei(φ21+u). (13)
Equation (13) can be interpreted as follows: if for a given set of coupling strengths and
coupling phases there exists a phase shift u, such that equation (13) is fulfilled, then there
exists an invariant synchronization manifold. The lasers can thus tune their relative phase
shifts appropriately. The stability of the synchronized solution then determines whether
synchronization will be observable or not.
As a starting point for the stability analysis we consider the MSF for a laser network with
row sum σ . Since we focus on the large delay case (τ = 1000 TRO) the rotational symmetry
discussed above holds and the MSF λ(r eiψ) depends solely on r . Figure 2 depicts the MSF in the
(σ, r)-plane for two different values of the pump current p = 0.1 (panel (a)) and p = 1 (panel
(b)). When the critical radius r0 (solid line) lies below the diagonal line r = σ (dotted line), the
synchronized solution is chaotic for a network with this row sum, since λ(σ) > λ(r0)= 0. When
r0 = σ , as occurs for instance in panel (b) for small values of σ , the synchronized dynamics is
periodic. In this case, the solution λ= 0 corresponds to the Goldstone mode of the periodic
orbit.
In the following, we will consider different coupling topologies of the two lasers. Figure 3
depicts all possible network motifs (up to the exchange of 1↔ 2) with more than one
connection. The motifs on the left (a–d) can exhibit chaos synchronization in the limit of large
delays, while those on the right (e–g) cannot [22] (trivially for motif (g)).
4 Typically, the optical frequency is of the order of 1014 s−1. Here, we use dimensionless units, where time is
measured in units of the photon lifetime (e.g. TP = 10−11 s). In these units the typical optical frequencies correspond
to a value of 0 ≈ 103.
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Figure 2. MSF λ(r) in the (σ, r)-plane for p = 0.1 (a) and p = 1.0 (b). The
solid line depicts the critical radius r0 with λ(r0)= 0. The dotted line is the
diagonal line r = σ . The blue dot corresponds to a parameter set we will use
in the following numerical investigations.
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Figure 3. Possible motifs for two delay-coupled lasers. Motifs (a)–(d) can (for
certain parameters) exhibit zero-lag chaos synchronization and are discussed in
detail below. The motifs (e)–(g) cannot exhibit zero-lag chaos synchronization.
We will now discuss the implications of the synchronization conditions C1–C3 for these
motifs and compare the predictions with numerical simulations. We study two measures for
synchronization. The first measure is the correlation coefficient of the laser intensities I1, I2,
ρ = 〈(I1 −〈I1〉) (I2 −〈I2〉)〉√
(1I1)2(1I2)2
, (14)
where 〈·〉 denotes the time average and (1Ik)2 denotes the variance of the respective
intensity. Although the correlation coefficient can in principle distinguish between identical
synchronization (ρ = 1) and imperfect (generalized) correlation (ρ < 1), it is not the most
sensitive measure for this purpose, because imperfect synchronization may still yield a very
large correlation ρ ≈ 1.
To overcome this disadvantage of the correlation coefficient, we calculate the
synchronization probability PS. We define PS as the probability that at any time t the relative
error between I1(t) and I2(t) is smaller than a threshold ε:
PS = Prob
( |I1(t)− I2(t)|
〈I1〉+ 〈I2〉 < ε
)
. (15)
We choose ε = 0.01 in the following.
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83.1. Motif (a)
This case is the classical master–slave configuration for chaos communication with lasers. It is
also referred to as the open-loop master–slave configuration [35], since the receiver (2) has no
self-feedback. The coupling matrix equation (12) is in this case given by
G =
[
κ11e
iφ11 0
κ21e
i(φ21+u) 0
]
.
The row sum condition C1 then becomes
κ11e
iφ11 = κ21ei(φ21+u).
This condition is satisfied if and only if κ11 = κ21. The phase shift u can then compensate for any
choice of coupling phases φ11 and φ21. The second eigenvalue of the coupling matrix is zero,
such that the motif is optimal for chaos synchronization and condition C2 is always fulfilled.
Whether the systems will synchronize or not then depends on whether λ(0) is smaller or larger
than zero, i.e. whether the MSF in figure 2 is negative (weak chaos) or positive (strong chaos)
for r = 0.
Note that since the coupling is unidirectional, the synchronization properties do not depend
on the coupling delay. In particular, if the coupling delay is smaller than the self-feedback delay,
the anticipated synchronization [36] can be observed [37].
3.2. Motif (b)
This setup consists of two unidirectionally coupled lasers with self-feedback and has been
studied in different contexts. The importance of the coupling phases in this coupling scheme
has been recognized in [20]. In this reference, it was observed in an experiment that,
depending on the (relative) feedback phases, the synchronization behavior ranges from perfect
synchronization to an almost uncorrelated state. So far these experiments have not been
sufficiently explained. It turns out that the experimental results can be well understood in the
light of the synchronization conditions C1–C3.
The coupling matrix corresponding to motif (b) is given by
G =
[
κ11e
iφ11 0
κ21e
i(φ21+u) κ22e
iφ22
]
(16)
and the row sum condition C1 reads
κ11e
iφ11 = κ21ei(φ21+u) + κ22eiφ22 .
Eliminating u yields the following condition on the coupling strengths and phases:
κ21 =
∣∣κ11 − κ22ei8rel∣∣=√κ211 + κ222 − 2κ11κ22 cos(8rel) (17)
with 8rel = φ22 −φ11. The phase shift u between the laser fields is then given by
u = φ11 −φ21 + Arg
(
κ11 − κ22ei8rel
)
, (18)
where Arg denotes the complex argument.
Condition C2, on the other hand, reads for this case
κ22 < κ11 = |σ |,
New Journal of Physics 14 (2012) 033039 (http://www.njp.org/)
9Figure 4. (Motif (b)) Synchronization probability PS (left) and correlation
coefficient ρ (right) as a function of φ22 =8rel and κ21. The dotted line
corresponds to the synchronization condition C1 (equation (17)). Other
parameters: κ11 = 0.2, κ22 = 0.09 and φ11 = φ21 = 0.
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Figure 5. (a) Generalized synchronization for κ21 = 0.15 and φ22 =8rel = 0
(blue dot in figure 4). (b) No synchronization for κ21 = 0.15 and φ22 =8rel = 34pi(white cross in figure 4). Other parameters are as in figure 4.
i.e. chaos synchronization is possible if the self-coupling of laser 2 is weaker than that of laser 1.
For a given set of parameters, synchronization is stable if condition C3 is fulfilled, i.e. if
κ22 < r0(κ11). (19)
To illustrate these conditions, we consider the following parameter set:
κ11 = 0.2, κ22 = 0.09, φ11 = 0, φ21 = 0, (20)
and vary 8rel = φ22 and κ21. These coupling strengths (σ, r)= (κ11, κ22) are marked by a blue
dot in figure 2(a) and are chosen such that synchronization is stable (condition C3 is fulfilled).
Figure 4 depicts the correlation coefficient ρ and the synchronization probability PS in the
(8rel, κ21)-plane. The dotted line corresponds to equation (17), where condition C1 is satisfied.
This condition clearly coincides with high synchronization probabilities.
As discussed above, high correlations are also possible without perfect synchronization. In
the regions of high correlation and low synchronization probabilities, we observe generalized
synchronization. Figure 5(a) shows an example intensity time series observed in these regions.
The parameters correspond to the blue dot in figure 4. The blue dotted line (condition C1) in
figure 4 roughly marks the boundary between regions of high and low correlations. Below the
line, we observe no synchronization at all. An example time series in this regime (corresponding
to the white cross in figure 4) is shown in figure 5(b). The correlation in this case is very
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low. Interestingly, the dynamics of the second laser has, in this case, a strong high-frequency
component. The occurrence of this high-frequency component can be understood as a result
of the non-locking behavior. Since laser 2 does not lock to the signal of laser 1, the overall
input signal of laser 2 is given by the interference of two (almost) independent chaotic signals,
namely the signal from laser 1 and the self-feedback signal from laser 2. In this interference
signal the high-frequency component is present due to a fast alternation of constructive and
destructive interference. Indeed, by switching off the coupling (κ21 = 0) and calculating the
intensity of an interference signal Iintf = |E1(t)+ E2(t)|2, one can already observe the high-
frequency component. For non-zero coupling this interference signal drives laser 2, leading to
even higher-order effects.
In figure 4 (left), there is a region on the dotted line 8rel ∈ [0.2pi, 0.5pi ], where the
synchronization probability is low. In this region, we observe multi-stability between identical
synchronization solution, a state of generalized synchronization similar to figure 5(a), and an
uncorrelated state similar to figure 5(b). Which state is chosen depends in our deterministic
simulations sensitively on the initial conditions. Including noise in the simulation results in
spontaneous switching between the three states, albeit it is hard to distinguish between identical
synchronization and generalized synchronization in the presence of noise.
Thus although our synchronization conditions C1–C3 give the correct existence and
stability of the identical synchronized solution, we certainly cannot exclude the existence of
other attractors.
The experimental investigations in [20] were performed under similar parameter
conditions, i.e. κ22 < κ11 (obeying condition C2). As 8rel was varied, the correlation varied
from almost perfect to almost no correlation. Varying 8rel for a fixed value of κ21 in figure 4
reproduces this behavior, provided the value of κ21 intersects the dotted synchronization curve.
Thus the experimental results can be understood as interference effects, which may or may not
lead to the existence of a synchronization manifold, corresponding to high and low correlation,
respectively.
3.3. Motif (c)
For this motif the coupling matrix is given by
G =
[
κ11e
iφ11 κ12e
i(φ12−u)
κ21e
i(φ21+u) 0
]
(21)
and the row sum condition C1 reads
κ11e
iφ11 + κ12e
i(φ12−u) = κ21ei(φ21+u). (22)
In an experiment with a simple bidirectional coupling, i.e. face-to-face coupling of the lasers,
the coupling from laser 1 to laser 2 has the same coupling strengths as the reverse direction:
κ12 ≈ κ21. (23)
We will first consider the more general case, which can be realized in an experiment using
optical isolators and separate beam paths for the two coupling directions. We will then consider
the natural condition equation (23) as a special case.
New Journal of Physics 14 (2012) 033039 (http://www.njp.org/)
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Figure 6. (Motif (c)) Geometric visualization of the synchronization condition
(equation (25)). If the complex number κ11ei(φ11−θ) lies on the ellipse, there exists
an invariant synchronization manifold.
Our aim now is to derive a condition that is equivalent to the existence of a phase shift
u satisfying equation (22), i.e. we want to eliminate u from the equation. To simplify the
discussion, we introduce two parameters:
v = u + φ21 −φ12
2
and θ = φ21 +φ12
2
. (24)
Note that v is a ‘free’ parameter, since the phase shift u can be selected by the system. With
these parameters, equation (22) can be written as
κ11e
i(φ11−θ) =−κ12 e−iv + κ21eiv. (25)
For varying v the terms on the right-hand side describe an ellipse in the complex plane
with the semi-minor axis a = |κ12 − κ21| oriented along the real axis and the semi-major axis
b = |κ12 + κ21| oriented along the imaginary axis. In order for equation (25) to have a solution,
the left-hand side has to lie on this ellipse (figure 6). Thus
x := Re
(
κ11e
i(φ11−θ)
)
= κ11 cos(φ11 − θ), (26)
y := Im
(
κ11e
i(φ11−θ)
)
= κ11 sin(φ11 − θ) (27)
have to obey
x2
a2
+
y2
b2
= 1. (28)
This equation is the desired synchronization condition corresponding to C1. It involves the
coupling strengths κ11, κ12 and κ21 and the coupling phases φ11, φ12 and φ21. We can write it as
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an explicit equation for κ11:
κ11 =
[
cos2(φ11 − θ)
(κ12 − κ21)2 +
sin2(φ11 − θ)
(κ12 + κ21)2
]−1/2
. (29)
Note that for the degenerate case κ12 = κ21, i.e. a = 0, the relevant condition becomes
x = 0 and y2 6 b2. (30)
A necessary condition on the coupling strengths for the existence of a solution is
|κ12 − κ21|6 κ11 6 κ12 + κ21. (31)
To obtain the phase shift u, we split equation (25) into real and imaginary parts and solve for v.
This yields
v = Arg
(
x
κ21 − κ12 + i
y
κ21 + κ12
)
. (32)
The phase shift u is obtained from the definition of v = u + (φ21 −φ12)/2.
We now discuss conditions C2 and C3, which concern the eigenvalue of G other than
the row sum. When G has a constant (complex) row sum σ , this row sum is an eigenvalue
of G. Since the determinant of a matrix is the product of its eigenvalues, we have the following
equation for the second eigenvalue γ1 of G:
| det G| = |κ12κ21| = |σ ||γ1|. (33)
On the other hand, there is only one entry κ21ei(φ21+u) in the second row of G (see equation (21)),
such that in the case of a constant row sum, we have
|σ | = κ21 and |γ1| = κ12. (34)
Thus, chaos synchronization is possible if (C2)
κ12 < κ21 = |σ |. (35)
For given parameters (given r0), synchronization is stable if and only if (C3)
κ12 < r0(κ21). (36)
Again, we illustrate these conditions by numerical simulations. We choose
κ12 = 0.09, κ21 = 0.2, φ12 = 0, φ21 = 0. (37)
The coupling strength again corresponds to the blue dot in figure 2(a), such that synchronization
is stable if a synchronization manifold exists. Similarly to the case of motif (b), there are
small regions of low synchronization probability on the dotted curve in figure 7 (left). These
again correspond to regions of multi-stability and the simulations depend sensitively on initial
conditions.
Coming back to the most natural face-to-face coupling (equation (23)) with
κ12 = κ21, (38)
it becomes clear from equation (35) that chaos synchronization is not possible in this simple
setup. To synchronize the two lasers in this motif one needs an asymmetric coupling.
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Figure 7. (Motif (c)) Synchronization probability PS (left) and the correlation
coefficient ρ (right) as a function of φ11 and κ11. The dotted line corresponds to
the synchronization condition C1 (equation (29)). Other parameters: κ21 = 0.2,
κ12 = 0.09 and φ12 = φ21 = 0.
3.4. Motif (d)
We now consider motif (d), where all possible couplings are present. The corresponding
coupling matrix is given by
G =
[
κ11e
iφ11 κ12e
i(φ12−u)
κ21e
i(φ21+u) κ22e
iφ22
]
. (39)
The row sum condition C1 is given by
κ11e
iφ11 + κ12e
i(φ12−u) = κ21ei(φ21+u) + κ22eiφ22 . (40)
Below we will discuss this condition in more detail. First, however, we turn to conditions C2
and C3 involving the eigenvalues σ (row sum) and γ of the matrix G.
Assuming that the row sum condition equation (40) is satisfied, we solve equation (40)
for κ11eiφ11 and replace this term in the coupling matrix (39). The resulting matrix then has the
eigenvalues
σ = κ22eiφ22 + κ21ei(φ21+u) and (41)
γ = κ22eiφ22 − κ12ei(φ12−u). (42)
The condition C2 (|γ |< |σ |) gives (after some straightforward calculations)
κ212 − 2κ12κ22 cos(φ12 −φ22 − u) < κ221 + 2κ21κ22 cos(φ21 −φ22 + u). (43)
The sufficient condition C3 similarly yields√
κ212 − 2κ12κ22 cos(φ12 −φ22 − u)+ κ222 < r0(σ ). (44)
In contrast to the previous cases, it is not possible to eliminate the phase shift u between the
lasers directly. We will, however, obtain a formula for u below.
We now further discuss the row sum condition equation (40) and aim to eliminate the
relative phase shift u. The calculation is similar to that performed for motif (c), only more
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b = κ12 + κ21
a = |κ12 − κ21|
a
κ22
φ11 θ
κ11
b
x (Re)
y (Im)
φ22 − θ
Figure 8. (Motif (d)) Geometric visualization of the synchronization condition
(equation (46)). If the sum of the two complex numbers κ11ei(φ11−θ) and
κ22e
i(φ22−θ) lies on the ellipse, there exists an invariant synchronization manifold.
involved. Using the same parameters as for the case of motif (c) (equation (24))
v = u + φ21 −φ12
2
and θ = φ21 +φ12
2
, (45)
we obtain
κ11e
i(φ11−θ)− κ22ei(φ22−θ) =−κ12e−iv + κ21eiv. (46)
Again v is a free parameter, since it is proportional to the relative phase shift u, which can
be selected by the system. This equation corresponds to the geometric problem visualized in
figure 8. For varying v the terms on the right-hand side describe an ellipse in the complex plane
with the semi-minor axis a = |κ12 − κ21| oriented along the real axis and the semi-major axis
b = κ12 + κ21 oriented along the imaginary axis. For the equation to have a solution, the real and
imaginary parts of the left-hand side have to lie on this ellipse. Thus
x := κ11 cos(φ11 − θ)− κ22 cos(φ22 − θ),
y := κ11 sin(φ11 − θ)− κ22 sin(φ22 − θ) (47)
have to obey
x2
a2
+
y2
b2
= 1. (48)
Equation (48) is the final condition that has to be fulfilled in order for the synchronization
manifold to be invariant.
Movie 1 (online supplementary data available from stacks.iop.org/NJP/14/033039/
mmedia) illustrates how the geometrical problem of figure 8 results in the dotted
synchronization curves of figure 9.
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Figure 9. (Motif (d)) Synchronization probability PS (left) and correlation
coefficient ρ (right) as a function of φ11 and φ22. The dotted line corresponds to
the synchronization condition C1 (equation (48)). Other parameters: κ11 = 0.25,
κ12 = 0.1, κ21 = 0.25, κ22 = 0.15 and φ12 = φ21 = 0.
Figure 9 depicts the correlation coefficient and the synchronization probability in the
(φ11, φ22)-plane for a fixed set of coupling strengths and cross-coupling phases. On the dotted
lines the synchronization condition C1 (equation (48)) is fulfilled. The lasers exhibit strong
synchronization on this curve. For this motif, the row sum σ and the transversal eigenvalue γ
depend on the parameters φ11 and φ22. Due to this dependence, the synchronization condition
C3 is not satisfied everywhere on the dotted line and identical synchronization is only stable on
parts of the curve. Additionally, we again have the effect of multi-stability as discussed for the
last two motifs, which can result in low synchronization probability on the dotted curve.
Similarly to the case of motif (c), the relative phase shift u can be found by solving
equation (46) for v
v = Arg
(
x
κ21 − κ12 + i
y
κ21 + κ12
)
(49)
and using the definition of v = u + (φ21 −φ12)/2. This phase shift can then be used in conditions
C2 and C3 (equations (43) and (44)).
In order for equation (48) to have a solution, the two vectors with respective lengths κ11
and κ22 should be able to reach the ellipse, i.e. the sum of the magnitudes κ11 + κ22 has to be
larger than or equal to the length of the semi-minor axis a = |κ12 − κ21|. Similarly, the absolute
value of the magnitude difference |κ11 − κ22| has to be smaller than or equal to the length of the
semi-major axis b = κ12 + κ21. We thus obtain two conditions for the existence of a solution:
(κ11 + κ22)
2 > (κ12 − κ21)2,
(κ11 − κ22)2 6 (κ12 + κ21)2. (50)
If and only if the coupling strengths fulfill equations (50), there is a combination of phases such
that condition (48) is satisfied.
In many optical setups the forward and backward directions have approximately equal
coupling strengths κ12 ≈ κ21. This holds, for instance, for a setup where the lasers are coupled
via a common mirror (see section 4.2) or where the lasers are coupled face to face. In this case,
the ellipse becomes a line along the y-axis stretching from −b to b. Thus equation (48) reduces
to x = 0 with the supplementary condition y2 6 b2.
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4. Laser networks
We now move from the two-laser system to networks of N all-optically coupled lasers. The
synchronization of laser networks is, on the one hand, important for applications, for instance
in high-power laser arrays, where the synchronization of optical phases yields an intensity
I ∝ N 2 for the interfering beams, in contrast to the case of randomly distributed phases that
gives I ∝ N [38, 39].
On the other hand, laser networks have been proposed as optical information processing
systems [40, 41]. Understanding the stability properties of dynamical states in these networks
is a necessary first step for controlling and utilizing these systems.
For a network of N all-optically coupled lasers, the coupling terms in the Lang–Kobayashi
rate equations are given by
˙Ek = · · ·+
N∑
j=1
κk j eiφk j E j(t − τ). (51)
Here κk j and φk j are matrices describing the coupling strength and coupling phase, respectively,
of the connection j → k. Again the lasers may synchronize with relative phase shifts uk , which
we define with respect to laser 1
E1(t)= eiuk Ek(t), (52)
i.e. u1 = 0. Performing the corresponding transformation (as before in equation (11))
E˜k(t)= eiuk Ek(t) (53)
and omitting the tilde for simplicity, we obtain the field equations
˙Ek = · · ·+
N∑
j=1
κk j ei(φk j +uk−u j )E j(t − τ). (54)
The necessary condition C1 for synchronization is then stated as follows: there exists an
invariant synchronization manifold if and only if there is a combination of relative phases uk
(k = 2, . . . , N ), such that the complex row sum
σk =
N∑
j=1
κk j ei(φk j +uk−u j ) (55)
is independent of k. As we saw before, this condition is already very difficult to analyze for
two lasers when all four connections are present. In an experiment, it may be possible to
actively control two or three phases accurately using, for instance, piezo positioning of mirrors,
or passive wave guides where the optical path-lengths can be controlled through an injection
current [42]. However, it is virtually impossible to actively control more than a few phases in
this way. For larger networks, optoelectronic [43–45], incoherent optical feedback [46, 47] or
coupling via a common relay [13, 16] may thus be a more promising coupling method. However,
in certain cases all-optical coupling may be feasible in an experimental situation. We discuss
such a feasible setup below.
To illustrate the complexity of the synchronization condition C1 in a simple case, we
consider a system of bidirectionally coupled lasers.
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4.1. Rings of bidirectionally coupled lasers
For rings of bidirectionally coupled lasers, the coupling matrix has the following principal
structure:
G =

0 G12 G1N
G21 0 G23
G32
. . .
. . .
. . .
. . . G N−1,N
G N1 G N ,N−1 0

(56)
with Gk j = κk j ei(φk j +uk−u j ). We then obtain the following row sums:
σ1 = κ12 ei(φ12+u1−u2) + κ1N ei(φ1N +u1−uN ),
σ2 = κ23 ei(φ23+u2−u3) + κ21 ei(φ21+u2−u1),
...
σN−1 = κN−1,N ei(φN−1,N +uN−1−uN ) + κN−1,N−2 ei(φN−1,N−2+uN−1−uN−2),
σN = κN ,1 ei(φN ,1+uN−u1) + κN ,N−1 ei(φN ,N−1+uN−uN−1). (57)
The necessary synchronization condition C1 then corresponds to 2(N − 1) equations (each
complex equation yields two real equations)
σ1 = σ2, σ2 = σ3, . . . , σN−1 = σN . (58)
However, there are only N − 1 relative phases u j (u1 = 0) that the system can choose freely.
Thus, in an experiment we need to control N − 1 coupling phases to satisfy the synchronization
condition C1. For a ring of N = 3 elements, controlling two coupling phases may still be
feasible, but this approach quickly fails for larger N .
4.2. Coupling via a common mirror
We will now discuss one promising all-optical setup that should, in principle, be robust to phase
mismatches. Consider the setup [40, 48] sketched in figure 10. The laser fields are coupled into
a common fiber, which is terminated by a mirror. As before, we assume that the coupling delays
are equal (the light paths are equally long on a cm scale), but allow for coupling phases, i.e.
differences in optical path lengths on wavelength scales. In this setup, the connection from each
laser k to the mirror corresponds to a certain optical path length with a corresponding phase ψk .
The coupling phase from laser j to laser k is then given by
φk j = ψk +ψ j . (59)
Similarly, the connection from each laser to the mirror has an associated coupling strength ck ,
which could in an experiment be controlled by an attenuator in the corresponding fiber. The
coupling from laser j to laser k then has an effective coupling strength
κk j = ck · c j . (60)
Under these conditions, the row sum is given by
σk =
∑
j=1
κk j ei(φk j +uk−u j ) = ckei(ψk+uk)
N∑
j=1
c j ei(ψ j−u j ). (61)
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laser 2
laser 1
...
...
laser N
mirror
Figure 10. Coupling of multiple lasers via a common mirror.
The sum on the right-hand side is a complex number independent of k. The row sum condition
can thus be satisfied if the prefactor is also independent of k, i.e. all coupling strengths are equal
(ck = c) and the relative phases uk are chosen by the system to give5
ψ1 = ψk + uk (k = 2, . . . , N ). (62)
In essence, all lasers couple to the optical mean field and compensate for the difference in optical
path length of their individual fiber by adjusting their relative phase shift. As long as the setup
obeys equations (59) and (60), the coupling phases ψk may vary, e.g. due to thermal effects, and
do not need to be controlled.
Assuming that all coupling strengths are equal and the relative phases uk are tuned
appropriately by the system, the coupling matrix is given by
Gk j = c2 ei(ψk+ψ j +uk−u j ) = c2 ei2ψ j . (63)
This matrix has one eigenvalue corresponding to the row sum
σ = c2
N∑
j=1
ei2ψ j (64)
and the N − 1 transversal eigenvalues are zero
γn = 0 (n = 1, . . . , N − 1), (65)
such that this setup is optimal for synchronization.
Recently, this coupling scheme was proposed for optical information processing using
multi-mode lasers [40]. For multi-mode lasers, the same argument as above holds for each
mode, such that the setup is, in principle, robust to phase mismatches. However, it may still be
difficult to realize the assumptions equations (59) and (60) in an experimental setup.
5. Conclusion and outlook
We have discussed chaos synchronization conditions for all-optically coupled lasers. In all-
optical coupling, the coupling phases play a crucial role for the synchronizability. The condition
of the constant row sum corresponds to specific interference conditions, i.e. the input signals of
5 The special role of laser 1 stems from our choice u1 = 0.
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each laser should interfere in such a way that each laser receives the same input signal, relative
to its own phase. This corresponds to the existence of an identical synchronization manifold.
Through interference, the phases may compensate for mismatches in the coupling strengths.
Using these interference arguments we have explained experimental findings [20] and
discussed necessary and sufficient conditions for synchronization of all network motifs that
contain two all-optically coupled lasers.
Further, we have considered synchronization of larger laser networks, and singled out the
difficulties that arise in all-optical coupling schemes due to the interference conditions. We
predict that a setup of all-to-all coupling via a common mirror may under certain conditions be
robust to phase mismatches and thus be optimal with respect to the stability of the synchronized
chaotic dynamics.
In a broader context, these results might also be relevant to other networks where phase-
sensitive couplings play a role, e.g. networks of Stuart–Landau oscillators with complex
coupling constants σ = K eiβ [7]. These are generic models representative of a large class of
oscillator networks.
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